Information about temperature distribution is complex but of critical importance for the control of various microwave applications. In this paper, an innovative way of temperature distribution monitoring using ultrasonic thermometry in microwave field is investigated. The principle of ultrasonic thermometry in the situation of ideal gas is elaborated, and reconstruction algorithm based on Markov radial basis function approximation and singular values decomposition is presented and described in detail. In order to validate the performance of temperature distribution reconstruction of our presented algorithm, four two-dimensional temperature distribution models with different complexities are utilized in simulation experiments. Especially, simulation experiments taking error of measurement into account are studied to verify the robustness. Figure profiles show remarkable correspondence between the reconstructed ones and their models, while quantitative analysis, including the overall temperature error analysis and the hotspot positioning analysis, shows that different kinds of errors calculated are all within the limit ranges. In addition, the time analysis of simulation experiments also demonstrates its well real-time capability.
Introduction
As a novel energy source, microwave heating mode has been applied widely in many industrial fields, including chemical engineering, biodiesel reaction, and material processing. The advantages of microwave applications lie in energy saving, reduction in process duration, quality improving, instantaneous control, and many other unique characteristics induced by noncontact "volumetric" energy absorption [1] [2] [3] [4] [5] [6] [7] . However, there are some serious problems, such as inhomogeneous heating, thermal runaway, and transient behavior, which may lead to severe accidents like explosions or spontaneous ignitions [8] [9] [10] [11] [12] [13] [14] . These undesired phenomena are due to the difference of heating mode between microwave and other traditional thermal transmissions [4, [12] [13] [14] [15] . The traditional thermal transmission mode heats the objects gradually from their surface to the inside. But the microwave works by exciting molecules of the objects, and temperature rises faster from the inside to the surface. In addition, the states of most chemical or physical reactions under microwave processing can often be embodied by the temperature distribution. For example, the effective permittivity of the mixed reactant exhibits a strong dependence on the temperature, and it can be beneficial for the reaction if the temperature can be gained and controlled [16, 17] . So it is very important for microwave applications to show the inside temperature distribution of the objects.
Common mercury thermometers cannot be used for temperature measurement in the microwave field because they absorb microwaves, which may lead to a spark discharge and consequently destroy the thermometers [4] . For other conventional measurement techniques, such as thermocouples and thermal resistances, there exist some problems with reliability and accuracy, because temperature measurement can only be accomplished when they reach thermal equilibrium state with the measure area [11, 15, [18] [19] [20] . Thus, they 2 Mathematical Problems in Engineering may not be appropriate for monitoring the transient variation in temperature because of their relatively slow time response in measurement. Besides, the main disadvantage hindering them from being used under microwave environment is that they are susceptible to electromagnetic interference, which may result in temperature rise severely. Also the electromagnetic field may be disturbed by these devices in turn. An infrared radiation technique is conveniently used for measuring temperature on the material surface in a noncontact way [11] . However, temperature is always measured on the wall of the reactor, and influence due to different emissivity and reflectivity of infrared radiations from other sources often results in deterioration of measurement accuracy [11, 19, 21] . The recent popular technique of fiber optics is not suitable for monitoring nonuniform temperature distribution either, because it also requires direct contact with the measure objects, which is the similar way as thermocouples and thermal resistances. Furthermore, it will be accompanied with another drawback of the narrow operating range from 0 to 330 ∘ C, while temperature in microwave field is always much higher [4, 22] . Additionally, the above techniques have the common defect of only providing measurement for a single point, but not for temperature distribution, while temperature distribution is a much more important factor for the control of microwave applications.
In a word, the common temperature measurement techniques are not appropriate for monitoring the transient temperature distribution in microwave field.
To solve problems mentioned above, we study a new temperature measurement technique by ultrasound or ultrasonic thermometry. It is carried out to be an alternative of temperature distribution monitoring in microwave field. Ultrasonic thermometry is a noncontact or nonintrusive method, as ultrasound has high sensitivity to temperature referred to previous researches. Based on the relationship between the velocity of ultrasound and the properties of the medium, which the ultrasound travels through, the average temperature along its travel path can easily be calculated after measuring the ultrasound velocity between the ultrasonic transmitter and receiver [18, [23] [24] [25] . Moreover, when multiple transmitters and receivers are properly installed, temperature distribution over the two-or three-dimensional space is possible to be reconstructed in real time. Thus, one can gain the information of temperature distribution and then analyze and control the microwave processing after measuring ultrasound velocity distribution over the twoor three-dimensional measure area with numerous paths between transmitters and receivers [23] [24] [25] .
This paper is organized as follows. Section 2 describes the basic principle of ultrasonic thermometry. In Section 3, we elaborate the arrangement of transducers and division of the measure area and then present a reconstruction algorithm based on Markov radial basis function approximation and singular values decomposition. Section 4 utilizes four twodimensional temperature distribution models with different complexities to validate the performance of temperature distribution reconstruction of our presented algorithm and gives experiment results and analysis. Conclusions and future research are presented in Section 5.
The Principle of Ultrasonic Thermometry
The field of ultrasonic thermometry is of particular interest because of its ability to measure temperature without inserting detective instrumentation into the measure object or measure area. The simplest ultrasonic pyrometer is composed of one ultrasonic transmitter mounted on one side and one ultrasonic receiver mounted on the other side along the same path. The transmitter is used to produce ultrasonic signal at a specific time, and the receiver at the known distance is responsible for detecting the ultrasonic signal.
Temperature determination by ultrasound is based on the temperature dependence of ultrasound velocity or that the ultrasound velocity in any medium is a function of temperature [18] [19] [20] [23] [24] [25] . Such as in ideal gases, the ultrasound velocity is directly proportional to the square root of the temperature, and in most of the liquids the dependence is linear, while in solid objects the ultrasound velocity generally decreases with the increment of the temperature [20] . All the relationships between the ultrasound velocity and the temperature of the medium which the ultrasound travels through can either be known from the existing research materials or be determined from experiment studies. In this paper, the principle in the situation of ideal gas is given in detail. The relationship between the ultrasound velocity and temperature can be described as the following equation [18, 20] :
where is the ultrasound velocity, is the gas absolute temperature, and is the universal gas constant, while and are the ratio and the average molecular weight of the gas mixture, respectively. As , , and are fixed constants that can be measured for the specific gas, they may be replaced by a coefficient which is also a constant.
If the ultrasound velocity and gas properties are known, then the temperature can be calculated by (2) derived from (1):
As the distance between the ultrasonic transmitter and ultrasonic receiver is fixed and known, then the velocity of ultrasound can be calculated when travel time of the ultrasound is measured. Thus, (2) can be rewritten as
where is the distance between the ultrasonic transmitter and ultrasonic receiver and is the total time that the ultrasound wave is in transit. From (3), the average temperature along the measure path is obtained.
Reconstruction of Temperature Distribution Using Reconstruction Algorithm
As analyzed before, temperature distribution is always far more important than single point temperature for safety and control in microwave field. However, it may be difficult or even impossible to be obtained via the common methods. Fortunately, reconstruction of temperature distribution over entire measure area will be accomplished using multiple ultrasonic transmitters and receivers, as paths between them can be combined to compute the temperatures of different positions with suitable algorithms.
Arrangement of Transducers and Division of the Measure Area.
The two-dimensional temperature distribution can be gained by installing multiple ultrasonic transmitters and receivers around the perimeter of the measure area to form a multiple paths array, and the measure area may be divided into a number of blocks according to the specific situations; examples can be seen in Figure 1 . The ultrasonic transducers are represented by the black symbols, and the effective paths are represented by the solid lines, while the measure area is divided into different amount of blocks by the dashed lines. The ultrasonic transducers used here are called transceivers because of their ability of working as transmitters and receivers, which means they can transmit and detect ultrasonic signal in different time. For example, as shown in Figure 1 (a), when transducer 1 acts as transmitter and radiates out ultrasonic signal, transducers 2 , 3 , . . . , 8 play roles of receivers and detect the signal. And then, when transducer 2 radiates out ultrasonic signal the other way round, transducers 1 , 3 , . . . , 8 will detect the signal. Thus and thus, all transducers radiate out the ultrasonic signal in rotation, and other transducers catch the signal from each transducer which serves as transmitter repeatedly.
When all the travel time of these multiple paths has been obtained, then two-dimensional temperature distribution can be reconstructed using suitable algorithms [24, 25] .
If the transducers are installed over the three-dimensional space, example of cube area is shown as Figure 2 ; thus the three-dimensional temperature distribution can be obtained by utilizing the data of spatial paths and the reconstruction algorithms applicable to three-dimensional space.
Reconstruction Algorithm Based on Markov Radial Basis Function Approximation and Singular Values Decomposition.
An efficient reconstruction algorithm is the core of temperature distribution monitoring using ultrasonic thermometry. In this paper, reconstruction algorithm based on Markov radial basis function approximation and singular values decomposition is presented and described in detail in the following part.
Assuming that the reciprocal of ultrasound velocity over the measure area is described as function ( , ), so the travel time of ultrasound wave propagating along a specific path can be theoretically expressed as the following equation of line integral:
where is the theoretical value of the travel time of the ultrasound wave and is the th path which the ultrasound wave travels through.
If the measure area is divided into blocks and ( , ) are the geometric center coordinates of the th block, then the Markov radial basis function whose center located in ( , ) can be constructed as the following expression:
where is the shape parameter of the Markov radial basis function, which is related to the specific measure area and the arrangement of the transducers, and it can be predetermined via numerical experiments. Make the ( , ) be expressed as a linear combination of the Markov radial basis functions [26] or given by
where is the undetermined coefficient which describes the distribution of the reciprocal of ultrasound velocity over the measure area. In order to calculate the undetermined coefficient , (4), (5), and (6) are merged as follows:
If denotes the amount of the effective paths, now give definitions as
Then (7) can be rewritten as
Reconstruction of temperature distribution via the travel time of numerous ultrasound paths is an inversion problem, a notable feature of which is the presence of ill-posed problem. Though is always an ill-conditioned matrix in this inversion problem, effective regularization estimate can be achieved by using the method of singular values decomposition (SVD) [27, 28] . Known from analysis based on matrix theory, any real matrix ∈ × can be decomposed as follows:
where ∈ × and ∈ × are orthogonal matrices, 1 ≥ 2 ≥ ⋅ ⋅ ⋅ ≥ > 0 are the singular values of matrix , and is the rank of matrix .
Make the definitions:
Then the generalized inverse matrix of matrix or + ∈ × based on singular values decomposition (SVD) can be expressed as
Thus, the undetermined coefficient will be expressed as
When the shape of the measure area and the arrangement of all the transducers are known, while the shape parameter is selected appropriately via numerical experiments, then + is predetermined from (12) . As can be obtained by actual measurement, the undetermined coefficient can be calculated from (13) . With this, function expression of the reciprocal of ultrasound velocity given by (6) can be gained.
Assuming that the temperature distribution of the measure area is described as function ( , ), then the temperature distribution of the measure area will be expressed as (14) shown as follows:
Now, the temperature of any point with known coordinates or the temperature distribution of the fixed measure area can be calculated from (14) .
The theory of reconstruction of three-dimensional temperature distribution is basically the same as the situation of two-dimensional temperature distribution, except that the arrangement of the transducers and the reconstruction algorithm are adjusted to be suitable for three-dimensional situation.
The process of temperature distribution reconstruction using ultrasonic thermometry can be summed up by the flow diagram (see Figure 3) .
In these applications, temperature distribution monitoring over two-dimensional or three-dimensional space can also detect hotspots which may cause accidents like explosions or spontaneous ignitions, thus contributing to taking protective measures in further control timely. 
Simulation Experiments and Results Analysis
In order to validate the performance of temperature distribution reconstruction using ultrasonic thermometry based on the algorithm presented in Section 3, simulation experiments in the situation of atmosphere are carried out, and the results analysis is given qualitatively and quantitatively. In this paper, simulation experiments and the results analysis are both done on the MATLAB platform which is a powerful tool for numerical computation, simulation, and visualization.
Design of Simulation Experiment and Definitions of
Evaluation. The reconstruction performance validated here includes feasibility, effectiveness, robustness, and the realtime capability. For a better validation, two groups of simulation experiments in the situation of atmosphere are designed.
In the first group of experiments, travel time is assumed to be entirely accurate data which is obtained from theoretical calculation. As that, travel time of the ultrasound waves gained via actual measurement may be different from the theoretical value because of various factors, such as noises or the accuracy limit of measuring devices; the second group of experiments taking error of measurement into account is designed. In these experiments of second group, the travel time of the ultrasound waves is assumed to be overlaid with a Gaussian noise whose mean and standard deviation are 0 and 0.001, respectively. Consider an arrangement of 8 ultrasonic transceivers placed around the perimeter of the measure area which is assumed to be square, as shown in Figure 4 . The amount of effective paths represented by the solid lines within the square is 24, and the measure area is divided into 64 blocks by the dashed lines.
Capability of reconstructing various temperature distributions is important to a reconstruction algorithm of ultrasonic thermometry. In order to validate this capability of our presented algorithm, four kinds of two-dimensional temperature distribution models with different complexity levels are artificially created in MATLAB environment on a computer. Thus, we can gain the travel time arrays of these temperature distribution models via numerical computation and make these models as standard of comparisons when temperature distributions are reconstructed. These twodimensional temperature distribution models created here are shown as the following expressions.
One-peak symmetrical temperature distribution:
1 ( , ) = 800 + 1000 × sin ( 12 ) × sin ( 12 ) . (15) One-peak asymmetrical temperature distribution:
2 )/100) .
Two-peak asymmetrical temperature distribution: 
Three-peak asymmetrical temperature distribution: 2 ) + 800.
6 Mathematical Problems in Engineering To evaluate the performance of temperature distribution reconstruction using ultrasonic thermometry based on the presented algorithm, both qualitative and quantitative analyses of reconstruction performance are provided.
The quality of reconstruction performance is evaluated from two aspects: one is the overall temperature error analysis and the other one is the hotspot positioning analysis.
The overall temperature error analysis is done by calculating the mean relative error and root-mean-square percent error , which are defined as
where is the amount of calculating points of the measure area and TM mean is the mean temperature of the temperature distribution model, while TR and TM are the temperatures of reconstructed one and its model of the point ( , ), respectively. Detecting hotspots is an important issue in microwave field, as hotspots always lead to exceptional and dangerous cases. Thus, positioning ability becomes a vital evaluation indicator of quality of reconstruction performance. Here, the hotspot positioning analysis is done by calculating hotspot positioning error and hotspot temperature error Th , which are defined as
where ( , ) and TM ℎ are the position coordinates and temperature of the hotspot of the temperature distribution model, while ( , ) and TR ℎ are the position coordinates and temperature of the hotspot of the corresponding reconstructed one.
Furthermore, to demonstrate whether the real-time capability of temperature distribution reconstruction using ultrasonic thermometry based on the presented algorithm meets the demand or not, mean reconstruction time of the four kinds of temperature distribution models is calculated. The simulation experiments of each temperature distribution model are repeatedly done 1000 times.
Simulation Experiment Results Analysis.
Figures of results can be a direct-viewing reflection of the reconstruction performance. Here, spatial display and isothermal contour display of temperature distribution models and corresponding reconstructed ones both without and with noise are given, which are shown in Figures 5, 6 , 7, and 8.
From the profiles of Figures 5-8 , we can intuitively see that all the reconstructed temperature distributions conform well to the model ones, though the reconstruction results of experiments under noises are relatively poor compared to that free from noises.
Quantitative analysis has more powerful persuasiveness with the accurate data of the simulation experiments. Tables  1 and 2 are the overall temperature error analysis results of the simulation experiments of the four temperature distribution models, without noise and with noise, respectively. Tables  3 and 4 are the hotspot positioning analysis results of the simulation experiments of the four temperature distribution models, without noise and with noise, respectively. Mean reconstruction time of these four temperature distribution models is calculated and shown in Table 5 .
Obviously, these deviations of temperature distribution reconstruction using ultrasonic thermometry based on our presented algorithm, which are displayed in Tables 1-4 , are all small and within the ranges that can be accepted. Moreover, all the reconstruction time of the simulation experiments of the four kinds of temperature distribution models is about 0.18 s that is far less than 1 s, as displayed in Table 5 . It is clear that the real-time capability of temperature distribution reconstruction using ultrasonic thermometry based on the presented algorithm is well enough.
It is concluded from both qualitative analysis and quantitative analysis that temperature distribution reconstruction using ultrasonic thermometry based on our presented algorithm has high quality performance with admirable feasibility, effectiveness, robustness, and real-time capability and may be used to online monitor the transient temperature distribution in microwave field.
Conclusions and Future Research
Information about temperature distribution is complex but of critical importance for the control of various microwave applications. In this paper, a practical alternative of temperature distribution monitoring using ultrasonic thermometry in microwave field is investigated. Firstly, detailed description of principle of ultrasonic thermometry is given. And then, typical reconstruction algorithm of temperature distribution based on Markov radial basis function approximation and singular values decomposition is presented. After that, simulation experiments under different conditions are carried out to study the reconstruction performance. On the basis of the principle and experiment results, we have the following conclusions.
(1) Ultrasonic thermometry can be a noncontact or nonintrusive tool for monitoring temperature distribution in microwave field based on the relationship between the velocity of ultrasound and the properties of the medium which the ultrasound travels through.
(2) The reconstruction algorithm presented based on Markov radial basis function approximation and singular values decomposition is an efficient reconstruction algorithm with high quality reconstruction performance and can detect hotspots accurately.
(3) The reconstruction algorithm presented based on Markov radial basis function approximation and singular values decomposition has well real-time reconstruction capacity, as the reconstruction time calculated is about 0.18 s which is far less than 1 s.
As the experiments in this paper are conducted in the simulation environment, further validation should be completed by actual experimental setup in a real environment. Different from the simulation experiments, temperature distributions can be constructed using the burners or heating rods to produce high temperature peaks or hot spots. The ultrasonic transducers installed around the measure area of the constructed temperature distribution can be controlled to radiate out and detect ultrasonic signal; then travel time of the paths will be gained and sent to a computer to reconstruct the temperature distribution on the MATLAB platform. Limited by actual experimental conditions, the temperature distributions constructed in real environment may be different from the models artificially created in MATLAB environment more or less. In order to obtain reference data, temperature measurement techniques used for single point can be applied to gain the temperature array of the constructed temperature distribution. For example, array of thermocouples may be interspersed in the constructed temperature distribution to measure the temperatures of the positions in which they are located. Thus, reconstruction performance in real environment can be verified by the contrast between the temperature data of the same point array gained from our presented algorithm and the practical temperature measurement techniques, respectively.
